In the standard model of particle physics, all fermions are fundamentally massless and only acquire their effective bare mass when the Higgs field condenses. Therefore, in a fundamental de Broglie-Bohm pilot-wave quantum field theory (valid before and after the Higgs condensation), position beables should be attributed to massless fermions. In our endeavour to build a pilot-wave theory of massless fermions, which would be relevant for the study of quantum non-equilibrium in the early universe, we are naturally led to Weyl spinors and to particle trajectories which give meaning to the 'zig-zag' picture of the electron discussed recently by Penrose. We show that a positive-energy massive Dirac electron of given helicity can be thought of as a superposition of positive and negative energy Weyl particles of the same helicity and that a single massive Dirac electron can in principle move luminally at all times. This is however not true for the many body situation required by quantum field theory and we conclude that a more natural theory arises from attributing beable status to the positions of massless Dirac particles instead of to Weyl particles.
Introduction
Inflationary cosmology will undoubtedly become a test bed for various realistic interpretations of quantum mechanics [1, 2] . Indeed, even if a theory differs from standard quantum mechanics only at the very small scale, the fact that quantum fluctuations in the early universe (and at very small scales) act as seeds for the cosmic structure [3] , can in principle render the theory testable.
Within the framework of the de Broglie-Bohm pilot-wave theory [4, 5, 6] , such a possibility has been considered by Valentini [2] . One result of Valentini's analysis is that a non-equilibrium distribution for the inflaton field in the very early universe, although rapidly undergoing relaxation to quantum equilibrium, can leave imprints in the cosmic microwave background. The timescale for relaxation to quantum equilibrium is thought to be of the order of the Planck time. Outside of the inflation paradigm, the de Broglie-Bohm theory also offers the possibility to address problems that appear to present severe conceptual difficulties within the standard quantum-mechanical framework [7] .
The consideration of a massless bosonic field on expanding space (the inflaton field) fits in the program initiated by Bohm [6] , in which bosonic fields are the beables for pilot-wave quantum field theories. Fermionic fields, by contrast, are not beables in Bohm's program; the fermionic beables are instead typically pointlike. Several pilot-wave models for fermions have been proposed, for instance the Dirac-sea pilot-wave model [8] and the Bell-type model [9] . However, all pilot-wave models for quantum field theory of fermions that have been built so far are only valid after the spontaneous symmetry breaking (that is, after the Higgs condenses, to use the analogy with Bose-Einstein condensates).
In the standard model of cosmology and particle physics, fermions exist before the Higgs field condenses and during that phase, all fermions (as well as gauge bosons) are massless. They only acquire their effective bare mass when the Higgs field condenses. The effective bare mass will in turn be corrected by gauge-field-mediated self-energy effects in order to yield the dressed mass. If relaxation to quantum equilibrium for fermions also takes place on a timescale of the order of the Planck time, it is therefore imperative to build a pilot-wave theory of fermions before spontaneous symmetry breaking if we want to study relaxation of non-equilibrium fermions.
There are several issues surrounding the notion of 'quantum field theory before spontaneous symmetry breaking', even without considering pilot-wave theory itself. Firstly, before the Higgs condensation, the Higgs doublet Φ is a tachyonic field. The quantization of these theories has several peculiarities [10] . Secondly, all the fields should be defined on an expanding space. Thirdly, there might be another symmetry group which is broken in SU(3) ⊗ SU(2) ⊗ U(1). Regardless of these issues, it is not disputed that all fermions are massless before the Higgs condensation. Therefore, there is an obvious conclusion to be drawn for the pilot-wave theory: beables should be attributed to massless fermions 1 . What is not clear, however, is whether this should be done using the Dirac bispinor, or the Weyl spinor.
If we consider the Dirac equation for massless fermions and use the Weyl representation for the gamma matrices, the upper and lower components of the Dirac spinor become decoupled and the Dirac equation is then equivalent to a pair of Weyl equations, describing two-component Weyl spinors of opposite helicities. Thus the Weyl spinors seem primordial at first sight and on a first guess, one would attribute beables to Weyl particles in the corresponding pilotwave theory. The true situation is not as it first appears, however.
Weyl spinors can also be used to describe massive Dirac fermions. In partic-1 Of course our arguments do not prove the existence of these fermionic beables in the first place and indeed it has been argued that one can make do purely with bosonic field beables [11] . However bosonic field beables, apart from the Higgs field, are subject to the same issue: mass is not fundamental. One process among an infinite number of processes contributing the propagation of the electron, in terms of zig and zag particles as formulated by Penrose [12] . ular, this is how Penrose presents the standard model of particle physics in [12] : the massive Dirac electron is represented by two types of massless Weyl fermions of opposite helicity (the 'zig' and the 'zag'), which are continually interchanged into one another. Being massless, the zig and the zag should be traveling luminally (a feature that Penrose sees as a realization of the 'zitterbewegung'). When the zig becomes the zag, the direction of the velocity is reversed; on a coarse-grained level, jiggling between the zig and the zag motion (zigzag process) results in an apparent subluminal velocity. Each zigzag process can be illustrated by a Feynman diagram (such as shown in Fig. 1 ); however Penrose insists that a single zigzag process is only one element in a superposition of an infinite number of processes that contribute to the total electron propagator and that care must be taken in thinking about a single zigzag process as describing reality. Nevertheless, Penrose also asks whether one should think about the zig and the zag as describing the 'real' reality, a question to which he suggests a positive answer ( [12] , p.632).
In the pilot-wave theory, there is no ambiguity about reality -the reality is made out of the beables. In this article we will give a definite answer to the question raised by Penrose, by defining the pilot-wave model that corresponds to the zig-zag picture of the electron. In order to do that, we will first rewrite the free massive Dirac quantum field theory as an interacting Weyl quantum field theory and find the state that corresponds to the electron. We will show that the electron is necessarily an oscillation between two Weyl particles, but that, contrary to Penrose's picture, these Weyl particles have the same helicity and opposite energies. In the end, the pilot-wave model underlying the zigzag picture is then somewhat of a hybrid between two pilot-wave models for quantum field theory with fermionic point-like beables: the jiggling between the zig and the zag motion is provided by a jump-rate (as in the stochastic model developed by Dürr, Goldstein, Tumulka and Zanghì [9] ), while negative energies are 'real' (a feature of the deterministic Dirac-sea pilot-wave model for quantum field theory [8] ).
The zig-zag electron is a good starting point to illustrate the different ontologies that can subtend the massive Dirac electron and it will lead us towards the construction of a pilot-wave theory for massless fermions. We will argue that the massless Dirac ontology is more advantageous than the Weyl ontology. The choice of the ontology (that is, the choice of the beable) is not only a question of aesthetics. It will be relevant for Valentini's conjecture [13] , according to which there might have been ensembles in quantum non-equilibrium in the early universe, the overwhelming majority of which having relaxed to quantum equilibrium.
This article is organized in the following way. In Sec. II we give a brief overview of the pilot-wave theory, including the non-relativistic case, the notion of quantum non-equilibrium distributions, their importance in order to test the de Broglie-Bohm pilot-wave theory and the possible extensions to quantum field theory with fermionic point-like beables. In Sec. III we consider the relativistic wave equations, especially the Weyl equations and the corresponding pilot-wave theory. Then we will consider the case of the zig-zag electron. In Sec IV we rewrite the free massive Dirac quantum theory as an interacting Weyl quantum field theory, then obtain the state describing the electron in terms of Weyl particles. This allows us to construct the corresponding pilot-wave theory in Sec. V. Building on these results, in Sec. VI we finally address the pilot-wave theory of massless fermions.
We use natural units in which = c = 1 and the Minkowski metric is g µν = diag(1, −1, −1, −1).
The de Broglie-Bohm pilot-wave program
The pilot-wave theory [14] was first proposed by de Broglie in 1927 [4] . Bohm rediscovered it in 1952 [5, 6] , although his formulation is different (it involves accelerations, instead of velocities, and the use of the 'quantum potential'). The essential contribution of Bohm was the analysis of the measurement, the role of decoherence, and the extension to the case of the free quantized electromagnetic field. For simplicity we begin by considering the case of N non-relativistic particles. According to the de Broglie-Bohm theory, a system of N spinless particles is not only described by its wave-function Ψ(t, X), but also by the positions of the N particles, that we denote by X(t), where X is a point in a configuration space R 3n . As far as the laws of motion are concerned, Ψ(t, X) always evolves according to the Schrödinger equation, whereas the actual configuration X(t) is guided by the wave-function, through the guidance equation for its velocity:
Here J(t, X) is the standard quantum mechanical current, which can be defined operationally [15] . These laws of motion have the property that if we start from an ensemble in which the beables are distributed according to ρ(t 0 , x) = |Ψ(t 0 , X)| 2 for some initial time t 0 , they will be distributed according to ρ(t, x) = |Ψ(t, X)| 2 for any later time t. ρ Ψ (t, X) = |Ψ(t, X)| 2 is referred to as the quantum equilibrium distribution [13] , or equivariant distribution [16] .
In principle, it is also possible to consider ensembles in which the beables are distributed according to ρ(t, X) = |Ψ(t, X)| 2 and these would be referred to as quantum non-equilibrium distributions [13] . Such distributions may have existed in the past, and one can explain why we don't see quantum non-equilibrium today by invoking a process of relaxation to quantum equilibrium. Relaxation to quantum equilibrium is supported by numerical simulations [17, 18] . The existence of quantum non-equilibrium in the early universe implies the possibility to test the de Broglie-Bohm theory against standard quantum mechanics, if this relaxation process is slow enough in certain environments.
There is no real difficulty in extending the pilot-wave approach to relativistic wave-equations, provided they can be interpreted as equations for a wavefunction in the standard sense. An example of good equation is the Dirac equation. By contrast, the Klein-Gordon equation is problematic [14] .
In recent years, much progress has been made in order to extend pilot-wave ideas to quantum field theory. Most of these works can be seen as further developments of some ideas put forward by David Bohm and John Bell in 1952 and 1984 respectively. Bohm [6] considered the case of the free electromagnetic quantum field theory, and proposed to take the field itself as the beable (see [19] for a review and discussion of the field beables approach). Bell [20] considered lattice quantum field theories and proposed a stochastic model in which the beable is the collection of fermion-number at each point of the lattice. Two models have been proposed as possible extensions of the lattice stochastic Bell model to the continuum case: the stochastic Bell model with jumps [9] and the Dirac-sea pilot-wave model for quantum field theory [8] . Overall, the field beable approach works well for bosons whereas point-like beables can be attributed to fermions (where fermions means either fermions and anti-fermions of positive energy, or fermions of positive and negative energy).
Nevertheless there are several questions that still need to be addressed. For instance, it is rarely pointed out that in pilot-wave quantum field theory beables must be attributed to bare particles [21] . According to classical models of selfenergy, the bare mass of an electron could be negative. What does it mean to attribute a position beable to a particle of negative bare mass? In a sense, this question is alleviated in the standard model of particle physics, where all the fermions are fundamentally massless. Another issue is the connection between pilot-wave quantum field theories and the non-relativistic pilot wave theory (in which beables are, in effect, attributed to dressed fermions).
3 Relativistic wave equations for fermions
The Weyl equations
The Weyl equations for massless fermions can be obtained from the standard construction that is used in order to derive the Dirac equation: we start from H = α · p, where H is the Hamiltonian operator and p the 3-momentum operator, impose the Hermicity of H and the massless-particle relation H 2 = p · p (hence, for plane-wave solutions, we have that E = ±| p|). Then the α j must be Hermitian and must satisfy {α i , α j } = 2δ ij . The simplest solutions are to take α j = ±σ j , where the σ j are the Pauli matrices:
Thus we have a set of two equations:
They can be rewritten in a covariant form:
. The R and L labels, introduced to distinguish the two Weyl equations, are related to the helicity operator, whose action on an eigenstate of 3-momentum is given by
The first Weyl equation (σ µ ∂ µ ψ R = 0) has right-handed positive-energy planewave solutions and left-handed negative-energy plane-wave solutions, whereas the second Weyl equation ( σ µ ∂ µ ψ L = 0) has left-handed positive-energy planewave solutions and right-handed negative-energy plane-wave solutions. Right and left-handed eigenstates of the helicity are respectively given by:
where N p = 1/ 2| p|(| p| + p z ). They satisfy the following relations:
The conserved currents are j
We can explicitly define the eigenstates of energy-momentum:
One interesting property of the Weyl equations is that both currents are light-
It is easily shown. For instance, take
which is light-like (the same holds for j µ L ). In the corresponding pilot-wave model, the Weyl fermions move with velocities
whose norms are 1. This law of motion is chosen in order to ensure equivariance: if we start from an ensemble, each element being described by the same Weyl spinor, and if the position beables are distributed according to j 0 (t 0 , x) over the ensemble, for some initial time t 0 , they will be distributed according to j 0 (t, x) for any later time t. Thus Weyl fermions always move luminally. We note that this is not necessarily the case for a massless Dirac fermion, as shown in the next subsection.
From the relations
we find that positive-energy plane-wave solutions move in the direction of the momentum, whereas negative-energy solutions move in the opposite direction of the momentum. We have something similar for a massive Dirac particle: the particle guided by a negative-energy spinor move in the opposite direction of momentum. In that case, this feature can be understood because
and a negative-energy particle has negative mass, hence the direction of velocity is opposite to that of momentum. We plot some trajectories in Fig. 2 . We consider a superposition of 3 Weyl spinors of positive energies and momenta p 1 = (1, 0, 1), p 2 = (−1, −2, −1) and p 3 = (1, −1, 1). Each spinor has equal weight and the phases for 2 and 3 are e Finally, we say a few words about relaxation to quantum equilibrium. This is measured by the coarse-grained H-function
In earlier works [13, 17] , the relaxation time was defined through the secondorder derivative ofH(t) at t = t 0 . However, as discussed in [22] , this timescale can only characterize the relaxation close to t 0 , whereH(t) is not a decaying exponential (sinceḢ(t) t=t0 = 0). A new estimate for the 'true' relaxation time (onceH(t) undergoes exponential decay), for the case of a scalar particle in a square box of side-length L, was given in [22] and it is in agreement with the numerical simulations performed in [22] . This new estimate of the relaxation time is obtained by assuming that the displacement of the particle during the relaxation time should be of the order of L, where L is roughly the displacement needed in order to hit one of the nodes, from which vorticity, chaos and relaxation originate. Let us first consider an ensemble of out-of-equilibrium Weyl fermions which are not confined to the interior of a box. From purely dimensional arguments, one expects the relaxation time, if any, to be given by λ c c ∆Eλ
where λ is the coarse-graining length, ∆E the energy spreading and a a positive number. Turning now to Weyl fermions inside a box, one might be tempted to repeat the derivation of the relaxation timescale given in [22] . However such an analysis can't be repeated. The reason is that Weyl spinors, like any spinor, typically do not have nodes 2 . Therefore we can't use the argument that after a typical displacement L, the particle is going to hit a node.
The Dirac equation
then
The massless case just described generalizes for massive particles as the Dirac equation:
(iγ
where ψ(t, x) is a 4-spinor and {γ µ , γ ν } = 2g µν . It has a conserved 4-current with positive 0-component:
Note that the current, being the sum of two light-like currents, is not necessarily light-like itself. The corresponding pilot-wave theory follows by attributing a position x(t) to the Dirac electron and defining its velocity as
2 For instance, for a Weyl spinor ψ 1 ψ 2 , 4 conditions need to be satisfied in order to get a node: Re(ψ 1 ) = 0, Im(ψ 1 ) = 0, Re(ψ 2 ) = 0 and Im(ψ 2 ) = 0. If there are 3 spatial dimensions, each of these conditions define a surface. Typically four different surfaces do not intersect and therefore we typically don't expect any node. Given that the nodes are the origin of relaxation to quantum equilibrium for scalar particles, the fact that nodes are untypical does not mean that out-of-equilibrium Weyl fermions will never reach equilibrium. Indeed the important feature of the nodes is the associated vorticity ( [17, 18, 23] ). For scalar particles, there is only vorticity in the vicinity of a node but for a spinor particle, vorticity is not necessarily associated to a node.
As an aside remark, in the pilot-wave theory for the Dirac electron, the zittebewegung can be seen from the electron trajectory [14] . A recent ion-trap experiment (analog to a 1 + 1 Dirac equation) also supports the reality of the zitterbewegung [24] . Tausk and Tumulka have also asked the question whether the Dirac electron could move luminally [25] .
The zig-zag picture of the electron
Let us consider the massive Dirac equation in the Weyl representation for the γ-matrices:
The massive Dirac equation is then equivalent to a pair of Weyl equations, where each Weyl spinor acts as a source for its partner. Hence a massive Dirac electron can be thought of as being composed of two Weyl spinors. According to Penrose, the Dirac electron can be thought of as an oscillation between two particles of opposite helicities ( [12] , p.630). Penrose refers to the Weyl particle of negative (resp. positive) helicity as the zig (resp. zag) particle. Being massless, they move at the speed of light and, still according to Penrose, this is a realization of the zitterbewegung, which says that the instantaneous velocity of an electron is always measured to be that of light.
Because ψ R (resp. ψ L ) describes positive-energy right-handed (resp. lefthanded) solutions and negative-energy left-handed (resp. right-handed) solutions, a positive-energy right-handed Dirac electron, made of two Weyl spinors ψ R and ψ L , can be one of the following two:
• a superposition of positive-energy right-handed and left-handed Weyl spinors, as advocated by Penrose,
• a superposition of positive and negative energy right-handed Weyl spinors.
In the following, we will show that the second option is the correct one in pilot-wave theory. That is, picturing a positive-energy massive Dirac electron of given helicity as an oscillation between two Weyl particles only makes sense if the Weyl particles have the same helicity but positive and negative energies. 3 In order to show that, we shall rewrite the free Dirac massive Dirac quantum field theory as a Weyl quantum field theory with interactions.
The zig-zag electron in standard QFT

Free massless Dirac QFT = free Weyl(s) QFT
We start from the free Dirac Lagrangian for massless fermions:
If we use the Weyl representation for the γ-matrices (Eq. (15)), we get:
Then the free Hamiltonian reads:
After canonical quantization, the expressions for the fields are:
The canonical anti-commutation relations are given by
with χ ∈ {L, R} and where all the remaining anti-commutators vanish. If we substitute the previous expressions in the Hamiltonian, we find:
Hence the operatorĉ † χ ( p) creates a positive-energy Weyl particle of 3-momentum p and helicity χ while the operatorζ † χ ( p) creates a negative-energy Weyl particle of 3-momentum p and helicity χ. We define |0 W as the state that does not contain any positive or negative energy Weyl particle:
Note that |0 W is not the lowest state of energy for H 0 . For the lowest state of energy (the ground state), we use the notation |G W (it is the state in which all negative-energy levels are filled). If we reinterpret the annihilation of a negative-energy particle as the creation of an anti-particle
then the state |G W is defined bŷ
Both states are represented in Fig. 3 .
Free massive Dirac QFT = Weyl(s) QFT with interaction
Now we consider the addition of the mass term −m d
to the free Dirac Lagrangian (Eq. (23)), in order to obtain the massive Dirac Lagrangian. This term will give rise to the interaction Hamiltonian
The total Hamiltonian is then
(33)
In the particle-antiparticle picture, after normal-ordering, the expression of the total Hamiltonian is: Fig. 4 . We also have that
In terms of Weyl particles and anti-particles, |G D is a complex state: it is a superposition of the state containing no Weyl particle or anti-particle (|G W ), plus states containing one pair of Weyl particle-antiparticle, plus states containing two pairs of Weyl particle-antiparticle etc. This is illustrated in Fig. (5) . 
The zig-zag electron
There are two ways to think about a state with a massive Dirac electron: it can be
• either a Dirac electron on top of |0 D (we refer to is as a literal single electron),
• or a Dirac electron on top of the sea |G D (we refer to it as a floating electron).
These two possibilities are illustrated in Fig. 6 . If we consider the first possibility, and if we look at Eq. (33), we see that a state with a massive Dirac electron of momentum p and helicity χ can be written as a superposition of states with positive and negative-energy Weyl particles:
This is represented in Fig. 7 . Now we consider the second possibility. If we look at Eq. (34), the state with a massive Dirac electron of momentum p and helicity χ can be written as a superposition:
Therefore, thanks to the expression of |G D illustrated in Fig. (5) , we find that the state of a massive Dirac electron is a state with a single Weyl fermion, plus a state with a single Weyl fermion and a pair, plus a state with a single Weyl fermion and two pairs etc. This is illustrated in Fig. 8 . Therefore viewing the Dirac electron as an oscillation between two Weyl particles only makes sense in the case of a literal single electron, for which In order to get the coefficients f 1 ( p) and f 2 ( p), we diagonalize the following matrix:
whose eigenvalues are p 2 + m 2 and − p 2 + m 2 , where p = | p|. The state describing the massive Dirac electron is then:
where
. This is the zig-zag electron: a superposition of states with positive and negative energy Weyl particles of the same helicity. In order to show explicitly how we can recover the Dirac equation, we consider a right-handed electron
and we define the quantities
Then we can verify that the spinor obeys the Dirac equation:
5 The pilot-wave theory for the electron
We now turn to the description of the trajectory of a single electron according to the pilot-wave theory. We contrast the zig-zag picture based on massless Weyl particles as advocated by Penrose (subsection A) with the conventional picture based directly on massive Dirac particles (subsection B).
The zig-zag picture
Consider a positive-energy right-handed electron in a superposition of momentum eigenstates:
Hence we have that:
If we want to construct the pilot-wave model corresponding to Penrose's zigzag picture of the electron, we can introduce mutually exclusive beables x L (t) (zig) and x R (t) (zag). In order to reproduce the predictions of the standard interpretation, the zig and the zag beables should be respectively distributed according to
over an ensemble. One way to ensure this is by using the jump model introduced by Dürr, Goldstein, Tumulka and Zanghì [9] , which can be thought of as a possible continuum generalization of the lattice stochastic model introduced by John Bell [20] . In that case, x L (t) would be guided by Ψ L (t, x):
whereas x R (t) would be guided by Ψ R (t, x):
The jiggling between the zig and zag is represented by a jump-rate; for instance, to switch from zag to zig, the rate is given by
and
, so the jump-rate is given by:
In the case of a momentum eigenstate (α( p) = δ 3 ( p − p 0 )), the transition rate is equal to zero.
In the general case, we have that:
where N p is the normalization factor of the helicity eigenstate. The helicity factor becomes
If the electron is moving along the z-direction, the last expression can be further simplified too:
where p = |p z | and p = |p z |. For motion in the positive z-direction, this is equal to 1. If we further assume that the particle momentum is in the non-relativistic regime, we have that:
Then, if we define
we have, for motion in the positive z-direction, that
We still have to evaluate the quantity Ψ † R (t, x)Ψ R (t, x) in the same limit (it appears in the denominator of the jump-rate). Along the same lines, we obtain that:
Thus finally, for the jump-rate in the non-relativistic limit, we obtain
As an example, we consider a Gaussian wave-packet localized a the origin
The jump-rate is then given by
That is, if and only if the electron is in the right-hand side of the packet, there is a probability to jump, and the probability gets smaller as the packet spreads.
The Dirac picture
We now contrast the above with the usual deterministic pilot-wave theory for the electron, by tracing out over the indices L and R. We note that in the conventional Dirac picture, the mass is not interpreted as an interaction. We define the standard probability density
and we take its time-derivative, in order to find:
Both currents are light-like but their difference won't be. Nevertheless, we can define the pilot-wave theory by defining the electron velocity as
The pilot-wave theory is equivalent to the one presented at Subsection B of Section 3; the conceptual difference is that in this Subsection, we have shown how it can be derived from a second quantized theory. 
Example
In order to illustrate the differences between the trajectories predicted by the two theories, we consider the following state:
where p 1 = (1, 0, 1), p 2 = (−1, −2, −1) and p 3 = (1, −1, 1). The electron has mass m = 10, its initial position is (0, 1, 0) and the trajectories run from t = 0 to t = 50. The blue trajectory corresponds to the zig-zag picture while the red one corresponds to the Dirac picture. The points where the blue trajectory changes direction discontinuously correspond to jumps from zig to zag motion or vice-versa. Phases of intensive jiggling can be interrupted by long periods of smooth motion. This is most likely due to this scenario: the beable is in the zig (resp. zag) motion and enters a region where the imaginary part of Ψ † R Ψ L (resp. Ψ † L Ψ R ) is negative, hence jumps are forbidden, and the electron remains in zig (resp. zag) motion until the region is traversed.
Weyl seas and pilot waves
Now we address the more general question: assuming that the beables should be attributed to massless fermions, what is the most compelling pilot-wave model for the standard model of particle physics? The zig-zag picture has shown us that negative energies should be considered seriously: a positive-energy electron is a superposition of positive and negative energy Weyl particles. A negativeenergy picture also has the advantage that the total number of fermions (total number of positive and negative energy fermions) is conserved, which makes it possible to have a deterministic pilot-wave model.
The question is whether we should adopt a Weyl ontology or a Dirac ontology. In the Weyl ontology, the beables are attributed to Weyl particles and they always move luminally, like in the zigzag picture, but determinism needs to be sacrified. On the other hand, in the massless Dirac ontology, we trace out over R and L labels and we attribute beables to massless Dirac particles: the theory is deterministic but beables do not move luminally anymore.
In considering this issue it should be borne in mind that if we consider two Weyl fermions, their individual motions are not luminal anymore. Take for example two Weyl fermions in an R-state, that is
Ψ a1,a2 (t, x 1 , x 2 )ψ R,a1 ( x 1 )ψ R,a2 ( x 2 )|0 W .
Then the velocities are given by
v 2 = Ψ * a1a2 (t, x 1 , x 2 ) σ a2a Ψ a1a (t, x 1 , x 2 ) Ψ * b1b2 (t, x 1 , x 2 )Ψ b1b2 (t, x 1 , x 2 )
.
If we introduce Ψ ij = R ij e iθij , use the definition of the σ-matrices, we find that 
where ρ Ψ (t, x 1 , x 2 ) = Ψ * b1b2 (t, x 1 , x 2 )Ψ b1b2 (t, x 1 , x 2 ). Clearly the velocity is in general not luminal anymore when we consider two particles. If the particles are not entangled then they will individually be luminal, as is clear from Eq. (70) and Eq. (71). But if they are identical particles then their wavefunction should be symmetrized so that they will be entangled.
Conclusion
In conclusion, we have:
• pointed out the importance of bare particle ontologies, in particular of massless fermions in the case of the standard model for particle physics, and why this might be relevant for Valentini's hypothesis relating to quantum non-equilibrium,
• shown that the zig-zag electron is a superposition of positive and negativeenergy Weyl particles of the same helicity, and not a superposition of Weyl particles of opposite helicity as suggested by Penrose,
• shown, in the pilot-wave model corresponding to the zigzag picture, that a single electron can in principle move luminally at all times,
• shown that the Dirac ontology has the advantage of determinism over the Weyl ontology, while the latter's advantage of luminality vanishes as soon as one considers more than one particle.
The present work can also be relevant for pilot-wave models for supersymmetric quantum field theories because Majorana or Weyl spinors are usually associated to bosonic vector fields. Also, even if it does not seem to work in the present case, the idea of luminal beables is a very compelling one (new insight on quantum non-locality and Lorentz invariance?), and it might be worthwhile to look further into it in different theories (for example light-front quantized quantum field theory [26] ) or other hidden-variable models, that depart from the standard de Broglie-Bohm construction (for instance psi-epistemic theories [27, 28] ).
Another topic for future work is to address the issues which are relevant to the construction of a pilot-wave theory of massless fermions before spontaneous symmetry breaking (fermions on expanding space and tachyonic quantum field theories).
